Abstract. We focus our attention in this article on some recent results regarding Hardy-Hilbert's inequalities. We derive an equivalent form using katugampola Fractional Calculus and introduce new analogs to some Hardy-Hilbert's type inequality. Several special cases are also given.
Introduction
Katugampola Fractional Calculus is a new Fractional Calculus introduced and studied by Katugampola in the year 2014 which is more suited to the approximation of classical calculus. In [6] , the author gave the definitions of Katugampola fractional derivative and Katugampola fractional integral as follows: Definition 1.1 [6] Let f : [0, ∞) → R and t>0 . Then the "Katugampola fractional derivative" of f of order α is defined by
for t>0 and α ∈ (0, 1] . If f is α−differentiable in some (0, a) , a>0 and lim
If f is differentiable, then we have D α (f )(t) = t 1−α df dt .
Definition 1.2 (Katugampola Fractional integral) [6]
Let a ≥ 0 and t ≥ a. Also, let f be a function defined on (a, t] and α ∈ R. Then, the α−fractional integral of f is defined by,
if the Riemann improper integral exists. 
exists.
The well-known Hilbert's inequality and its equivalent form are given as :
Theorem A. [5] If f and g ∈ L 2 [0, ∞) , then the following inequalities hold and are equivalent
and
where π and π 2 are optimal .
Hilbert's integral inequality (4) had been generalized by Hardy-Riesz (see [3] ) in 1925 as the following result. If f, g are nonnegative functions such that 0
where the constant factor π csc (π/p) is the best possible . When p = q = 2, inequality (6) is reduced to (4).
In recent years, a number of mathematicians had given lots of generalizations of these inequalities. We mention here some of these contributions in this direction : Li et al. [8] have proved the following Hardy-Hilbert's type inequality using the hypotheses of (4):
where the constant factor c = √
Y. Li, Y. Qian, and B. He [9] deduced the following result :
where the constant factors 4 is the best possible. More and more results regarding this direction on Hilbert's type inequalities can be found for example in [4, 7, 10] .
Main Results
The main objective of this paper is to build a new equivalent form inequality depending on some particular new results given in article [1] . We also introduce new analogs of fractional form to some Hardy-Hilbert's type inequality.
In this section we shall prove some lemmas which play crucial roles in proving our main results. The following one is useful in establishing our results. 
The results stated in the following theorem is under consideration.
where A is defined in lemma 2.1 and it is the best possible constant.
In the following theorem , we introduce an equivalent form to inequality (9).
where A is defined in Lemma 2.1. Furthermore, Inequality (10) is equivalent to (9) .
By Minkowski's inequality for integrals,
Thus, Inequality (10) holds. Now, we prove that Inequality (10) is equivalent to (9) . Suppose that Inequality (9) holds, and let
By Fubini's Theorem and Inequalities (9) ,
Notice that by Inequality (10), g ∈ L 2 . So the last integral is finite, and hence
Conversly, if Inequality (10) holds, then
By Cauchy -Schwarz inequality we get
The following lemma is being used in establishing the rest of main results.
Lemma 2.2
Let f be a nonnegative integrable function, and
Proof: If 0 < ξ < X, we have
Using the integral by parts we have ,
But ξ α−αp F p (ξ) → 0 when f (x) is integrable and ξ → 0. Hence
If f is not nul in (0, X) , the left-hand side of (12) is positive. Hence,
, take power p for left-hand side, we have
and when make X → ∞ we obtain (11) , expect that "<" is replaced by "≤".
In particular, the integral on the left-hand side of (11) is finite. It follows that all the integral (12) remains finite when X is replaced by ∞, and that
The last sign of inequality may be replaced by "<" unless
and f p (x) are effectively proportional. This would make a power of x α /α, and then ∫ f p (x) dx would be divergent. Hence,
Unless f is nul. Since the integral on the left-hand side is positive and finite, (11) now follows from (15) as (13) followed from (12).
Using lemma 2.2 together with Theorem 2.1, we would like to introduce the following result.
and assume that 0 <
Proof. Let
By Holder's inequality, we obtain
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By using Lemma 2.1,
Finally, by Lemma 2.4, for p = 2, we have
Letting µ = 4A, and inequality (16) is proved.
Corollary 2.1
Let a = b = 1 in Theorem 2.3, then we obtain
where the constant
Here, c = 1, 2, 3, . . . and K 0 = 2.
Proof : The proof of (17) is similar to that of (16), and here we only prove that:
We have
For the last integral, take t α = α 2 s −α and rewrite this integral in term of t α , We obtain
Several Special Cases
We now introduce some special inequalities of (16) by choosing different values for a, b, and c.
where µ = 4A, and from Lemma 2.1,
(4) If a = c = 0, b = 2, then
= 2.3311423.
Remark 3.1
In the previous special inequalities, if we take α = 1, then we get the same results that obtained by Abu Hany [2] .
